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requirements the theorem states that the density in 6-D phase space, measured along the trajectory of a particle, is invariant, or equivalently that the 6-D volume enclosed by any isodensity contour is invariant.
Beam emittances are defined as a measure of the projections of the 6-1) phase-space volume on the 2-D areas x-fi, y-py, and zpz[2J. In linear focusing systems these areas are invariant, although their shapes will generally change as the beam propagates. Because most focusing systems are linear for small displacements, the invariance or approximate invariance of the emittances is the underlying reason why emittances are useful quantities. 
I
Similar results apply for the y-py and (z-z&(pz-pzc) planes, where z, and pzc are the coordinates of the center of momentum of the beam. For historical reasons the emittance, defined by Eq.(l) is generally called the normalized emittance to distinguish it from the unnormalized emittance, which is specified in a phase space defined by position x and divergence angle x ' = px/pz. In the paraxial approximation the unnormalized and normalized transverse emittances, respectively, are
-

E =
x2x'2-xx
, where is the ratio of the beam velocity over the speed of light, and y = 1 / 4-is the usual relativistic mass factor.
Any discussion of emittances should be accompanied by a word of caution to the reader, because the emittance conventions are not unique. The above definition of rms emittance corresponds to the convention introduced by Sacherer [3] . Another commonly used convention for nns emittance, introduced by Lapostolle [4], contains a factor of 4 in front of the square root of the above expressions. The situation is further confused by the fact that some Laboratories introduce other factors than the 4. Another confusion has to do with a factor of IC, which is often appended, again for historical reasons. When a IC is attached to the numerical value, E becomes the area of an equivalent ellipse. For consistency we prefer not to introduce a factor of IC, because in the envelope equation, to be introduced shortly, the symbol e generally represents an area divided by IC rather than an area. Until there is a consensus in the accelerator community about a convention for emittance, this author prefers to use the definitions of rms emittance, given by Eqs. (2) and (3), which have no additional factors of x or 4 or any other .
numerical factors.
The r m s emittance is invariant, if only linear forces act on the beam. Nonlinear forces produce filamentation with accompanying change in the rms emittance. When Liouville's theorem is satisfied, and when there is no coupling between the three orthogonal directions of motion, the true phase-space areas are preserved, even with nonlinear forces. However, the filamentation results in the capture of empty phase space between beam filaments [5], and intuitively, an effective emittance of the beam, including the area of both the filaments and the captured space, increases. For this case, it is found that the rms emittance also increases, essentially taking this emittance dilution into account. Therefore, the rms emittance is generally regarded as an effective emittance. It is interesting that under some conditions with nonlinear forces, the rms emittance may decrease [6] . Finally, the evolution of the rms beam size depends on the rms emittance, through an envelope equation. For transverse motion of continuous beams with elliptical symmetry, but otherwise arbitrary particle distributions, the nns envelope equations where ax and ay are the nns projections on the x and y axes, kx and ky determine the strength of the focusing, ex and ey are unnonnalized r m s emittances, and K is called the generalized perveance, given in terms of the particle charge q, mass m, and the beam current I, by For a round beam in an ideal uniform focusing channel, the rms" envelope equations become where a is the r m s projection on either the x or y axis, and ko is the transverse phase advance per unit length of the harmonic motion of a single particle without the space-charge force. The uniform channel is frequently used to represent a smooth approximation to the particle motion in a quadrupole focusing channel. The three force terms in Eqs.(3) and (5) represent the external focusing force, an outward pressure force associated with the emittance, and the space-charge defocusing force.
BEAMS WITH SPACE CHARGE
Understanding space-charge-dominated beam is generally important to isolate the effects of space-charge, and to define the limits of high-intensity performance. The ratio of the space-charge to the emittance terms in the envelope equations can be used to determine when space-charge effects will become important. We refer to emittance dominated and space-charge dominated beams, according to Ka -<< 1, emittance dominated,
E2
Ka ->> 1, space -ch arge dominated.
(7)
A space-charge-dominated beam may be compared with a cold plasma, where collective effects are more important, whereas an emittance-dominated beam is associated primarily with random or thermal effects. Many accelerators that are characterized as high-current machines are not necessarily space-charge dominated, and are often associated" with an intermediate regime, where K a / 4 E' = 1. Because the external focusing force plays the same role as a background charge of opposite sign in a neutral plasma, it is not surprising that the behavior of beams with space-charge can sometimes be described in terms of concepts familiar from plasma physics.
For example, a mismatched beam in a uniform channel will oscillate at the beam-plasma frequency, which can be written for an equivalent uniform-density beam as @P = (Kb2c2 / 2 a f . If an effective thermal energy is defined
, which characterizes shielding effects in real beams; thus the particles tend to redistribute to shield the interior from the external fields. Also, at the edges of the beam, the particle density exhibits a characteristic Debye-length fall off.
It is convenient to separate space-charge effects into two main categories, linear and nonlinear-force effects. The linear spacecharge fields produce defocusing, resulting in increased beam size, but with no emittance growth. The nonlinear fields also produce nns-emittance growth, and can be associated with significant halo formation at the periphery of the beam. Four categories of space-charge induced emittance g o d can be identified [8] , 1) charge redistribution [6,9], 2) kinetic-energy transfer [10, 11, 12] , MIS mismatch [13, 141, and 4) structure resonances [15, 16, 17] . Although not all of these processes are fully understood, certain general remarks can be made. Charge redistribution describes the process in which the phase-space distribution rearranges to provide shielding of the interior of the beam from external fields. It can occur for rms-matched beams, and develops within a very short time scale; the full emittance growth typically occurs within only one quarter of a beam-plasma period. The emittance growth is represented quantitatively by a nonlinear field-energy theory in which the excess field energy associated with the nonuniform initial distribution is transferred to thermal energy. Kinetic-energy transfer describes the tendency of highly space-charge interactions, any large thermal asymmetries between the different degrees of freedom. Rms mismatch refers to emittance growth associated with r m s mismatched beams, in which the excess energy of the mismatched beam oscillations is converted into thermal energy. Understanding this mechanism is important for control of large-amplitude beam halos. The structure resonance is a parametric resonance, in which the particle amplitudes are driven by interaction with the periodic-focusing structure. The most serious case is known as the envelope resonance or envelope instability, which leads to growth of the transverse emittances and beam envelopes. m e envelope instability be avoided by limiting the zero- In this model [20] we consider a continuous, beam With a parabolic charge density, an elliptical transverse cross section, and zero initial emittance. We will suppose that as the beam travels over a short distance z, the space-charge impulse changes the transverse momentum of the particles, but the particle positions do not change appreciably: we assume that the parabolic density profile is constant. The model describes the initial stages of the charge redistribution process, and predicts how the emittance growth depends on the parameters. In x-x' space there are two effects, 1) fdamentation that changes an initial straight line in phase space (representing the zero-emittance initial beam) into a curved line, and 2) an x-y coupling through the space-charge term, which produces a spreading of the curved filament into a finite phase-space area in x-x' space, as shown in Fig. 1 . The rms emittance grows linearly with respect to 2, and for a circular beam, we find
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where K is the generalized perveance. The space-chargeinduced emittance growth rate is independent of the rms beam size, which is the result of two compensating effects. As the beam size increases, the average space-charge force, and the I transverse momentum impulses from space-charge decrease. But at fixed initial ex, the smaller momentum impulses are distributed over a larger beam, and the total phase-space area increase is independent of the beam size.
To obtain a prediction for the final emittance growth, it is necessary to take into account the saturation of the emittance growth that usually occurs after the transverse movement of the particles is included, and the beam relaxes into a matched density configuration. space, although the filamentary structure is more complicated than a simple spiral, because of the time dependence of the nonlinear space-charge force. The initial straight line in phase space rapidly evolves to a filament that is bent back and forth many times, forming dense inner core, and an outer spiral-like structure. The spiral-like filament that is observed in r-r' space projects into a diffuse halo in x-x' space, because of the coupling of the x and y motions. Thus, the formation of a core and halo is found to result fiom the fundamental filamentation process, coupled with the projection onto the Cartesian x-x' phase space. Similar spreading effects from coupling, as seen in the projected phase-space distribution, were described in the emittance-growth model of the previous section.
Recently, the particle-core model has been studied to provide a better understanding of the mechanism that transfers energy to particles, resulting in halo formation. In this model we consider a continuous beam in a uniform focusing channel. A round, continuous, uniform-density distribution is used as a model for the core. The core is mismatched, so the'radius of the 
where Eq.(12) describes X, the ratio of the core radius to the matched beam radius, s is the product of the axial distance times b,q is the tune-depression ratio of the core, or k/ko, where k is the single particle transverse phase advance per unit length, force, and I = 1 -q2. Eq. (13) is the equation of motion of a single particle, as the ratio of the displacement to the matched nns radius of the core. We note that the two equations contain a single dimensionless parameter q. The motion of a particle depends on the normalized core radius X, but the dynamics of the core is independent of the motion of the particle. This is a reasonable approximation, if the halo particles represent only a small fraction of the total beam.
is the same quantity without the space-charge where the normalized displacement x is defined
The system is studied by systematically varying the initial state of the particle. A stroboscopic plot of the problem, obtained by taking snapshots of many independent particle trajectories, once per core-oscillation cycle at a specified phase of the core oscillation, reveals a separatrix defining three kinds of trajectories, 1) core dominated, 2) resonance dominated, and 3) focusing dominated. The plot is shown in Fig. 2 ,. The coredominated trajectories are the innermost trajectories on the stroboscopic plot. The focusing-dominated trajectories are the outermost trajectories, which describe a peanut-like shape in the plot. The resonance-dominated trajectories are most strongly affected by a parametric resonance, which occurs when the particle frequency is approximately half the core frequency. This resonance is responsible -for the growth of the amplitudes that can form a halo. Particles that are initially nearest the core, and within the resonance-dominated region, are driven by the resonance, and acquire large amplitudes. The growth of the amplitudes is self limiting, because of the nonlinear decrease of the space-charge force outside the core. The model predicts an important result, that a maximum amplitude exists, which is the largest displacement on the separatrix, corresponding to a stroboscopic phase when the core has the minimum size. Resonance-dominated particles will cycle out and back as a result of the resonance, but because of the amplitude-dependence of the frequency, a significant phase . mixing occurs, and there will usually be some particles with amplitudes near the maximum value. It is found that the model results are insensitive to the details of the charge-distribution of the core. "his has been determined by study of a model where the uniform core distribution is replaced with a Gaussian distribution. Although the Gaussian distribution is not generally an equilibrium distribution in a linear focusing channel, this replacement exercise is still valid for testing the sensitivity of the results to the assumed core distribution. Figure 2 . Stroboscopic plot obtained by taking snapshots of many independent particle trajectories, once per con-oscillation cycle at the phase of the core oscillation that gave minimum core radius. Initial coordinates were defined on the x and x' axes. The three regions shown in the figure as described in the text.
DOMINATED
Evidence for chaos, based on the breakup of the separatrix, is observed at low tune-depression ratios, when k/ko < 0.4. The growth time for halo in the resonance-dominated region can be estimated from the model, as the average time required for particles within the resonance-dominated region to go from the minimum to the maximum amplitude. It is found that this halo-growth time varies; the typical observed growth time is about 5 to 10 core cycles for space-charge dominated beams w i t h k/kO e 0.5, and is about 30 to 40 cycles for k/kO = 0.9.
estimated from the model, as the average time required for particles within the resonance-dominated region to go from the minimum to the maximum amplitude. It is found that this halo-growth time varies; the typical observed growth time is about 5 to 10 core cycles for space-charge dominated beams with k/kO e 0.5, and is about 30 to 40 cycles for k/kO = 0.9.
There are many questions remaining about halos. 
